Introduction
Since the original paper of Bollard [7] , the long-range scattering theory for the Schrodinger operators -A + V(x) has been studied by many authors (e.g., Buslaev-Matveev [5] , Amrein-Martin-Misra [2] , Alsholm-Kato [1] , Hormander [9] , Kitada [13] , Ikebe-Isozaki [10] and Kako [11] ). These works treat the case that the potential V(x) approaches zero without too much oscillation at infinity: (0.1) P«7(x) = (Kr-l«l-*)(|a|=0, 1, 2,...) for some 5>Q
(F=F* is the gradient in R", r=|x| and a = (a 1 ,..., a n ) are multi-indices with |a|=a 1 + ---+a n ), and prove the existence ( [1] , [2] , [5] , [9] , [11] ) and the completeness ( [10] , [13] ) of the modified wave operators As we see in [10] and [13] , Y+(x, A) can be obtained from X + (£, f) by a kind of Legendre transformation in classical mechanics and are used to establish the completeness of W%. On the other hand, Y ± (x 9 A) are directly used in [11] to obtain another formulation of the modified wave operators. Let ^oM> A el?, be the spectral measure of L 0 . Then in [11] is proved the following: For any pre-compact set e(c (0, oo), the limits (0. with/(c;) being the Fourier transform of/(x) and G(e) = {£i \^\ 2 ee} .
In this paper we shall partly extend the above mentioned results to a class of "oscillating" long-range potentials settled in our previous papers [14] and [15] (the definite conditions on V(x) will be given in Section 1). Our main purpose is to show that modified wave operators of the form (0.5) exist and are complete for each e^(A^ oo), where the real number A$ depends on the asymptotic conditions at infinity of V(x). The results will be summarized in Theorem of Section 4.
Our "oscillating" long-range class includes the following examples:
(E. 
We shall show that the operators exp {iLt}J ± (e)Qxp { -iL 0 t}# 0 (e) are bounded in ^Q(e)L 2 (R n ) and strongly converge as t-» + oo to the stationary wave operators U ± (e). Here the existence and completeness of U^(e) are already established in [15] . Our argument essentially bases on [14] and [15] , whose results are summarized in Section 1. To show the boundedness of J ± (e)
we shall follow a method of Calderon-Vaillancourt [6] on the L 2 -boundedness of pseudo-differential operators (Sections 2 and 3). On the other hand, for the proof of the convergence the stationary phase method will play an important role (Sections 4 and 5).
As we see in (0.7) for (E.3) and (E.4), (A s , oo) does not in general cover the essential spectrum of L= -A + V(x). In this sense it remains some ambiguousness in our theory.
Here we note that potentials of the special form Let Q be an infinite domain in JR" with smooth compact boundary dQ lying inside some sphere S(R 0 ) = {x; |x|=jR 0 }. We consider in Q the Schrodinger operator -A + V(x), where A is the Laplacian and V(x) is a potential function. We assume Assumption 2, F^x) is an "oscillating" long-range potential; that is, there exist some constants C l >0, R^^^R^ a>0 and l/2<^-<! 0" = 1, 2) such that for any xeB(R 1 ) = {x-, \x\>R l },
-(POn the other hand, F/x) is a short-range potential; that is, there exist some constants C 2 > 0 and 0<<5 0 < 1 such that for any x G (vii)
In the following we put 6 = mm {<5 0 , ^i, ^2) and define A ff , o->0, as follows: 
where rj = r z (a, j5,/, A).
Remark 1.2. In [15] we neglect the fact that R[ in Lemma 1.2 depends on e, and then ^i.±(A) depends on e and JR 2 >J^i by (1.9) and (1.25). So the above and the following propositions are corrections of [15] . Let s r and #1 be another pair and let ^"i.±(A) be the operator ^"i,±(A) corresponding to e' and some R' 2 (a) For 1 E \_A$i2 + e, oo) let
Then 3F ± can be extended to a partial isometric operator from Let p+ be as given in (1.9) with some R 2 >R\ and e = (h l9 A 2 ) be a bounded interval in [/l a + 2£, oo). For any <£(A, x) e Qfte x S"" 
Moreover, we have Let a, j § be as given in Proposition 1.3. Then (2.4) implies that g^^± eL^1 +^)/2 (O). ) and it follows from (2.5)-(2.7) that v^^ determines an outgoing [incoming] solution of (1.16) and (1.17)+ with f=g (ttt ±, oc = a and jS = j §. Namely, we have |x| <r / j. Then by the Green formula, (2.6) and (2.7) we have
Here by (1.9) and (2. We begin with a lemma which is a slight modification of CalderonVaillancourt [6] .
Lemma 3.1. Let I be a bounded interval of R = (-oo, oo) and let A(r) (re/) be a weakly measurable and uniformly bounded family of operators In a separable Hilbert space §. If the inequalities \\A(r)A*(r')\\<h\r,r') and \\A*(r)A(r>)\\ <h 2 (r, r') hold for r, r'e/ with a non-negative function h(r, r') which is the kernel of a bounded integral operator Hj in L 2 (/) (A*(r) being the adjoint of A(r)) 9 then the operator \ A(r)dr defined by Ji 4(r)fdr for fe § is a bounded operator in § with norm A(r)dr <\\Hj\\.
Proof. By assumption we can admit ||>4(r)||<M for any re/. From the two inequalities and
\\A(r 1 )A*(r 2 )A(r 3 )---A*(r 2 J\\<\\A(r 1 )UA*(r 2 )A(r 3 )[\-
we have for r t e I (i = 1, 2, • • •, 2m), q.e.d.
Since \ y4(r)dr(\ A(r)drj is a bounded selfadjoint operator in § and
Remark 3.2. The method of the above proof, which apparently seems to be much different, however, follows the idea employed in Calderon-Vaillancourt [6] . If Vfc) is sufficiently smooth, e.g., eC 19 (B(R 2 )\ a general theory of Asada-Fujiwara [3] can be applied to obtain the above result.
As a corollary of Lemma 3.2 we can now prove the following Based on Propositions 2.1, 3.1 and 4.1, we can now follow the idea employed in Kitada [13] , Ikebe-Isozaki [10] and Kako [11] , where is treated the case of "non-oscillating" long-range potentials, to prove the above theorem. 
